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ABSTRACT

Water, present in all living organisms, a major
factor in the formulation of rocks and soil, with its
primordial influence on public health and, indeed,
all human activities, must be considered the most
important of the raw materials upon which we
depend. With forecasted overall per capital water
consumption reaching 100 l/day in the Akure
metropolis, less than one quarter of the population
are adequately served with water supply, hence the
public water supply system has not been able to
meet the domestic and industrial requirements of
the area. Increased industrialization, urbanization,
population growth and demand for improved
hygiene now force us to manage our resources das

never before.

In this work a mathematical model for optimal
allocation of available water to different zones
within the metropolis was developed. The model is
based on hydraulic and economic principles. The

model was applied to the water distribution network

of Akure urban. Results obtained from this specific
applications will be useful to designers, researchers
in

and policy makers the public and non-

governmental organizations.

INTRODUCTION

The problem of water supply is global but it is
much more pronounced in the developing countries.
In developing countries, cities often suffer from
serious water supply shortages due primarily to
uncontrolled and unanticipated growth in urban
population, inadequacy in the design of the urban
from

water systems

of

supply apart

problems

network

management operation  and

maintenance and natural disaster.

The design of water supply systems requires an
estimate of future demands and the optimal way to
meeting these demands. The choice of the design
capacity is a function of factors such as population
growth and demand, source of funding, the

character of the water supply. the qualities and
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quantities of water (both raw and final product).

The general urban water demands consist of
residential, industrial, commercial and fire fighting
demands and losses incurred in the process of
transmission. Rapid growth in urban population is
common to developing countries. The growing
demand for water in addition to the limiting nature
of the resource is the reason for exploring new
trends in designing and managing water supply

systems.

The problem of water supply is global but it is much
more pronounced in the developing countries. In
developing countries, cities often suffer from
serious water supply shortages due primarily to
uncontrolled and unanticipated growth in urban
population, inadequacy in the design of the urban
network  water systems from

supply apart

management  problems  of  operation  and

maintenance and natural disaster.

The design of water supply systems requires an
estimate of future demands and the optimal way to
meeting these demands. The choice of the design
capacity is a function of factors such as population
growth and demand, source of funding, the
character of the water supply, the qualities and
quantities of water (both raw and final product).
The general urban water demands consist of
residential, industrial, commercial and fire fighting

demands and losses incurred in the process of

transmission. Ra;;id growth in urban population is
common to developing countries. The growing
demand for water in addition to the limiting nature
of the resource is the reason for exploring new
trends in designing and managing water supply

systems.

Concept of Mathematical Model

The development of the model is aimed at
providing an efficient tool of allocating water to
individual consumers at the least cost and in a
manner that maximizes the effectiveness of the
entire water supply system. Under this study, water
is allocated to the consumers within the same
demand centre ( a city ) at different periods. In this
case, a city can be divided into M demand centres
185 Nes i M) and then divide the available water
between them for ranges of time to be considered

e.g. 4hrs, 8hrs, and 16hrs time respectively.

This rationing of the available water can also be
between cities as demand centers that are getting
their water supply from a source but which cannot
cope with simultaneous supplies to all demand
centers. Allocation cost is a function of allocation

option chosen.

The main objective here then is to find:
(a) The allocation of flow to demand centers.

and

31




NSE TECHNICAL TRANSACTION Vol. 40 No.

4 Oct. — Dec. 2005 J. O. Babatola & A. M. Oguntuase

(b) The allocation option, which will give
minilﬁum operating cost for pumping or

energy.

Model Formulation

The main objective of model is to supply water
to demand centers through allocation of flow at the
least operating cost for pumping or energy.

The objective function in general is of the following

form
min Cr = »,(Q)) 1
j=1
subject to the following constraints
gi0i)<bi (121,250 ceeeenecees ,m) 2
fioiy =0 [ = IR n) 3

where Cr is the total cost of allocation, and c is the

unit cost of supplying Qj allocation.

Q= 24 4
Besides a4 minimum pressure head must be
maintained at each demand centre or point i.e.

H, > Huin 5

The following assumptions are made:
(a) Since the rate of pumping remains constant
and the time lag between each period is the
same, then supply to all the nodes remain
constant i.c.

Q= qx = 93t = -+ Yot 6

_— ; ’ I ———

(b)

A day is divided into n time periods of

equal intervals 1,2, 3...N

2 Qg 10 each

It is necessary to supply at least g
demand center i at minimum cost. As earlier
mentioned, the mode of meeting this can be

expressed as any of the following:

Total daily Period of day
consumption
per demand 1 > "

Q = qu Q2 ceeeeemeees Jin

Qi = qu (22 ceeeeeeenes Jan

Qm = qmi Gm2 -eeeeeees |

The supply is on continuous basis with equal

allocations in each time period.

In order to make operational definition of
pumping cost a variable Qj can be introduced
to indicate the rate of flow in a pipe link 1j

during time period t.

Pumping cost includes cost due to elevation
head and cost due to frictional head loss. Any
increase in Qy; will lead to increase in pumping cost.
From here it can be deduced that pumping cost of

each link is a convex function of the discharge Qij.-
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This kind of problem can be solved using
piecewise linearization (Loucks et al, 1981). Here
there are three basic methods. Usually for concave
functions, it is maximization while for convex
The case under

function, it is minimization.

consideration is a convex function. Fig.l can be
used to explain this fact.

The problem can be formulated as

Min Cr= 222% Qiji 8
i Y ¢

Where Cr is the total cost and ¢ is the unit cost of supplying

Q; allocation. Q; = Xg;
Qij =Wy + a; wy +a3 Wa+...... +a, Wy 9
With the weighing factor,

Wi AW +Wa +.in.... w,=1

or Zw;< 1 10

it can otherwise be written as Minimize Cy =

Where w; will be the variable to be determined and
a represent a flow at a; particular period at a

particular node for a stated period of time.

Scope of the Mathematical Model

It is expected that this model will provide the
quantity of water to be supplied to each demand
centre for each period with minimum pumping or
energy cost. For the purpose of this work, the

following variables have to be considered:

(i) the quantity of water to be - led [«
demand centre Qj is equals to the sum of

small discharges (q,) i.e.

R, =24, 12
(i1) the schedule for water allocation or rationing
system;
(iii)
(iv)

the number of loops in the entire network:

the minimum target pressure for effective
supply;

(v) the pumping head for each demand centre or

reservoir height.

Characteristics and Constraints in The Linear
Equations
Flow Rate Constraints

This constraint requires that the sum of all flows
to a given demand center j for any 24 hour period
must not be less than total consumption (demand) at
that centre (node), that is total flow to node j in

period t is designated by Q;, so

iQitZQj Y(i=Li. D) 13

where Qj is the expected consumption at node |

24

Y= [0 +Qp +Qp #en 4 Q, +]2 Q14
r=1

for any J-node network .the sets of linear equations
below describe the physical characteristics of the
flow systems

Node 1Q; =2 Qi1+ Q2+ Q3+ +Qin 15
Node 2Q; > Qa1+ Qa + Qust....... + QN 16
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Nodej Q> Qu+Qu+Qp+..c....¥Qn 17
According to the law of conservation of mass
(M 2 0% 2 0% SURTu e ——_— +Q; > Q; 18
Continuity constraint

Flow received in a node j;, will be carried to
another node j+1 through a link (pipe) and
continuity equations will be written for each time
period for which there is flow the link entering or
leaving node j. The sum of water flows entering a
node and the sum of flows leaving a node including

the withdrawals during any time period are equal.

For a simple network as shown in Figure 2, the
equation can be written as

Qi — Qu-D;=0 19

where D is the consumption at node
or generally,

L m

zQijk_ZQj“—Djl:O b | [ m.
= k=1 20

with the non-negativity constraint

Qiit > 0; ijlz 0] 21

However any of the flows can be zero e.g. Qi =
O, if there is no flow in the link during the time

period t.

Each of the components of Equation 19 except D,

can be written as follows

Qljl +Qy + Q,j] i +le “

+

QZ}] + szZ + Q3J3 R R AR Y + QZJ?A

+
ZQijl = Q}jl +Q3i2 - Q?.j?. Lo +Q3j24
i=l

4

_Qmjl + Qmﬂ + Qmj3 e o T Qmj24 |
22

also for ZQJH as in Eq. 5.21 above.

k=1
The nodal demand, Dj;, is now given by
Djia Djz, ng... ])J'24 23
In general, the problem under consideration can

be expicssed as shown below

Minimize 2 22 C,, @)w+ Cejt (a2) wa +Cjo
it

(a3) wat... 24

Subject to

24
25
where Qyy is inflow into node j in time t.

Consumption at node j is given as

gQuj.,

m

Y Qu - D=0 Vit 26
k=1

Qii=a; Wi+ a; Wy a3W3  vijt 27
w; < | 28
Qi >0 29
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The objective of this model is to find the
allocation of flows to demand centers and the best
allocation option that will minimize the operating

cost for pumping or energy.

To achieve this, the following data will be required:

(1) Location of supply sources and the demand
centers;

(11) Routes from the sources to the demand
center;

(i) Allocations to each demand center;

(iv)  The distance and height from the centre.

In addition, other data, such as the friction
factor (f) and the efficiency of the pumping system
(i.e. motors and pumps) n, as well as the unit cost

of electricity (in NKWH) must be known.

Cost Functions
Pumping cost: Pumping cost of water in
distribution network is a function of the age of the
pipe, the extent of corrosion damage in the pipes,
quantity of water pumped, the length of pipe
network, the diameters of the pipes, the head losses
due to friction in the pipes and the head against

which the water has to travel.

Cost of Operation
This can be obtained by equating the pumping
power required for a link i.e. the total dynamic head

(Hy) to that of an equivalent number of kilowatt-

hours and then multiplying  that by the
corresponding unit cost
HT = hf G + hc_ 30

where h, is the static or elevation that is required to
lift the water form one node to another.
ht ) is the loss due to friction between

two nodes (i - j).

If the unit cost of overcoming friction between
node i and j is Cj, then Ci,, hy,ij) is the total cost of
friction head loss in link 1-] assuming that Cij hyejy is
continuous and monotone increasing as shown in

Fig. 3 below.

The implication of these assumptions is that
the objective function is differentiable and convex
in nature. Energy dissipation in a pipeline during
flows is a function of the pipe roughness, diameter
and discharge (Q). This can be expressed using
Darcy-Weisbach equation

- 16f1L0" _ 0.083/.0° ”
D19 6D D’ )
Where

h

Qjj is the flow between nodes i and j
f is the friction factor
L and D are the length and diameter of pipe
between node i and j.
For hy_j, the horse power or energy for conveying

a flow Q is given by
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YHQ

= 32
19.6.0°7*1000n

Ap

Where y the specific weight of water kg/m’
n - The efficiency factor of the pumping
station

Putting the value of h¢ into equation 31, we have

3
y L Q 33
19.6.D°°.1000n

Ap =

Daily pumping cost along link L.

16YL.Q".Cen
= = 34
19.6.D°1*1000n

P

where

(., is the unit cost of electricity (tariff) in AN/K
WH. This value can be obtained from NEPA and it
is N6/KWH (2002), t is the hours of pumping per
day.

The overall pumping cost for all the links in the

network can be written as

16/L.Q".1.Cen

Cr =3¢, = 35
. E,: d 219.61)5::3.1000.17

where

98 10N/m”).

y is the specific weight of water (y=

The option that was earlier mentioned can now
be rewritten with 5.34, assuming the supply and

consumption in each case is constant initially, that

is,
A|:A2—A‘g—.’. ................... =An=A 36
Where Aj,Az,....... A, are the constants

36

To satisfy the consumption at each demand
centre continuously over 24 hours per day, the

equations can be written as consumption.

4 ta t3 | tha ty
Node I qi;p |qui2 |90 | Qe [Qim | = A
Node 2 qia1 |Qi22 [di23 |92y |diza| = A
37
Node m Qim1 | 9im2 |9im3 | im0 [ Gimn 2 A

where qm, indicates flow q for option 1, node m.
time n. The flow constraints at network nodes for
n-time periods can be written as follows:

First the flow in the links is:

n period 1(t})] In period 2(12) In period n(t,)

Along link $-}  quut vt Guds Qi Guazt o HGuwe f GuatQuant oot Qi

Further combination here will be a function of

the network layout.

The optimization problem is to get the least total
daily cost of pumping Cy
Recalling Eq. 5.35, this can be written as

16/f1.Q".t.Cen (LQY)
C — = Y 38
! 219.6D5ﬁ2.100(}.n )y D’
where Y = e

19.6.7°.1000n

Now for policy 1,
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3

c.'=v |y (G + Gy + o + G )’ +© Ly )+ i Ly —m(q,,,)
- T - 1 = 8 1 D 5 D 5 eeees D 3
s=1 b=2 (m=1)=m
3
el (112 + Gz + ... 491 ¥ & Ly ;(q,, )+ " LII—SJ(‘]!SZ) tot Lim—1)—m (G, i
5-=1 DI__ES D5|72 DS]_3 Ds(mkl)*m
3

slr Wie * Qus F oo # iy, 3° L LG, )t e, (i)

il D 5‘\77| D 5{—2 ....... D S(mfij--m

The above transformations are to be used 1In

It should however be noted that this conjunction with piecewise linearization, method

arrangement can change depending on the network (Loucks, 1981) which was mentioned earlier.

configuration.
A computer programme was written to solve

The constrainte ase this model and it has been tested. The details of this

q +"q B i, B A are given in the results section.
netquz+.. +qp, 2

L]|2|+q;22+...+q o5 = A 40
Application of Allocation Model

. 5 & - Example 1 - Owena-Igbara-Oke Scheme.
Qimi + Qimz +...4+q 22
! " Criteria

(a) Allocation of water to demand centres is
It is observed that there are some terms in the objective
controlled using valves bearing in mind all
functions  that cannot be subjected to piecewise
) i constrains associated with pumping capacity
linearization such as dinr + qy21 +...4qQ . Therefore, some
and duration.
transformation is needed, thus:

9a = Qi + qi21 +quzi+. ...+ qun )
. (b) Water is allocated to all demand centres at
a8 =21 + Quaz +qQuaat+_+qia, o
- minimum cost.

To achieve this, the following were considered
Ux = Qimi *qQim2 + 1jm3 +...+ G1mn

1) Selection of flow rate of each demand
-~ ) _ centre;
I'he above are the necessary transformations that .

i) Grouping of the demand centres into zones

are also constraints,
first by contiguous arrangement and non-

50 contiguous arrangement.  Selection of the
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demand centers’ discharges were selected
close to the daily mean flow of the main

pipelines. Thus,
Yqi<0 42

where qi per zone and Q is the total flow expected

from the source.

Assumptions
To simplify the mathematics of the model, the
following assumptions were made:
1) The water distribution system is on the
same  elevation, neglecting  the

topography and therefore only pumping

is required.
ii) The discharges to the demand centres are
equal;
Input Data

To apply the model, the following data are required:

g = 500-750m/period - allocation to each demand

centre
L, = N6, 000 - pipe material /m’
K, = 0.1 - pipe thickness

Cin = N6.00/kW h - Energy cost/kW h
Cuyw =90 —150 - Hazen-Williams Coefficient.
unit coefficient

6 =0.278 -

The overall pumping cost as expressed in Equation

43 1s

16/1.Q° t.Cen
G =Y, =
1 Z P 219.6053:3.100031

43

Results
Owena-Igbara-oke and Owena-Ondo Water
Supply Scheme

Owena- Igbara Oke and Owena Ondo schemes
were selected for this analysis because of the

relative availability of operational records.

Allocation of water from Owena —Igbara Oke
scheme is allocated to 7 demand centers namely
Owena, Igbara Oke, Ilara Mokin, ljare, Shagari
Housing Estate and Akure. From the results
obtained, it appears there is a linear relationship
between the friction head and pumping costs. A
similar operation was carried out on Owena ~Ondo
scheme supplying basically Owena, Ondo, [le-Oluji.
and Akure using the current allocation ratio. The

result is as shown in Figure 1.

Akure Zone

This model also used the existing nine zones in
Akure to carry out the allocation analysis bearing in
mind that Owena-Ondo which supplying the zone is
only operating at approximately 60% of its full
capacity. In this arrangement, equal volume 1is
allocated to each zone to maintain equity except
Alagbaka which is allocated 500m’ and must flow
on continuous basis. Tablel shows a typical

allocation arrangement.
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Since the major objective this model is to get water
to every zone and at minimum pumping cost, three
different arrangements were used to the programme.
Summary of these arrangements is shown in Table
2. The best allocation arrangement is the one that

gives the least pumping/energy cost.

Conclusion

The allocation model has shown that a single source
of water supply with limited production can serve
several zones of demand which can be intra-city, or
based on town to town. Efficient allocation is
indicated by grouping of the zones in such a way to
obtain minimum pumping costs, and hence
minimum energy costs. The model can be used to
specify the number and combinations of zones to be
supplied at different periods of daily operations.

Specific application of the model to Akure township

water supply shows that the minimum costs of

water allocation actually depend on the arrangement

of zones at different period.
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Fig. 1: Results of Implementation
Table 1 Typical Arrangement of Water Allocation
PERIOD OF THE DAY ALLOCATED | PUMPING COST (N)
L 1 3 t QM)
Zone | Vv 750 16,550
Zone 2 Vv 750
Zone 3 vV a0 21,270
Zone 4 v 750
Zone 5 Vv 750 23,500
Zone 6 Vv 750
Zone 7 v 750 26,800
Zone 8 Vv 750
Zone 9 v v v v 500 12,400
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Table 2 Summary of Possible Allocation Arrangement

1° Arrangement

ZONE/LOCATION TOTAL FLOW PUMPING COST N
M?
Zones | + 2 1500 16,550
Zones 3 + 4 1500 21,270
Zones 5 + 6 1500 23,600
Zones 7 + 8 1500 26,800
Zones 9 500 9,400

2" Arrangement

ZONE/LOCATION

TOTAL FLOW

PUMPING COST M

Ve
Zones 1 +2 + 3 22,500 13,600
Zones 4 + 5+ 6 22,500 16,400
Zones 7 + 8 1,500 17.400
Zones 9 500 9,400

3" Arrangement

ZONE/LOCATION

TOTAL FLOW

PUMPING COST &

VE

Zones 1 + 3 1,500 25,100
Zones 2 + 4 1,500 16,600
Zones 5 + 7 1,500 17,500
Zones 6 + 8 1,500 18,100
Zone 9 500 9,400
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f(x)
GCiit fag | T i
?(aa) : :
. 2 i i i
f(a,) . | 5 i
flay f 5 ? >
a) = xi a - a3 dg X (Qi_il))
K >K X2 >k X33
Figure 1: Graph of Convex Function
Dy
[ I = I
i ] D K

Figure 2: A Simple Flow Network
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Ciji(hu(ij)

hy(ij)

Figure 3: Graph of Cost Versus Head Loss
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