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ABSTRACT

This paper reports the direct utilization of
the actual rotor and stator geometry and
winding placement patterns of a cageless
synchronous  reluctance machine to
calculate its radial airgap flux density
distribution and inductances. Analytical
expressions representing machine winding
Sfunctions and non-uniform airgdp are
derived in detail. The new method of
computing the inductances and airgap flux
density using this actual geometry and
windings are based on the old concept of
winding functions (WF). The procedure
developed here does not rely on Fourier
series expressions for airgap or winding,
therefore complicated integrations are
avoided. The effects of stator slots are
included by considering them as added
airgaps in its actual shapes and position
not approximated forms that use Carter’s

coefficients. The rotor pole faces are

modeled in the tapered manner in which
they are made, considering the airgap
along the pole arc as not being uniform.
The inductances obtained are transformed
to d-q-0 reference frame and the results
are seen to compare favorably with finite-
element (FE) calculations and
measurements.  Cross-coupling  effects
between the d-axis and g-axis inductances
which finite element or the traditional
measuring techniques are unable to

identify are readily yielded by the
proposed direct WF method.

Index Terms— winding function, radial
flux density, inductances, slots, airgap
reluctance

Sfunction, synchronous

machine




NSE TECHINCAL TRANSACTION VOL. 44, N0.4, OCT - DEC., 2009
EMEKA S. OBE, DAMIAN B. NNADI AND J. EKE

1.0 INTRODUCTION

The winding function theory was first
reported in 1950 [1]. However, this
powerful tool seemed to have been ignored
in the following 30 years as it was from the
90's that an interest on using it was
rekindled. Ever since then winding
function theory has been used with success
to calculate the inductances of induction
and synchronous machines with constant
or variable air gap length with or without
rotor eccentricities [3]. The procedure is
only second to finite-element methods [2]
and recent reports [3] — [6] actually show
that it has the potential of becoming as
accurate and it also has other additional
features. The beauty of the procedure is
that given only the winding distribution
and machine geometry, all machine
inductances, airgap flux density and hence
torque for any kind of excitation (balanced
or unbalanced) can be computed. Since it
yields all machine inductances in direct
phase variables, it then lends itself readily
to applications in fault diagnosis and
analysis, eccentricity behavior, and other
imaginable irregularities that miy occur

during the operation of an ac machine.

1.1 Derivation of winding functions

The expression for obtaining the winding

function expression from  winding
distribution is readily available in literature
but its derivation is very rare to find. The
derivation is presented in this section using
the concept of magnetic fields. A general
equation for winding function that can be
applied under any air gap condition will be
found at the end of this section. Now
consider for generality, an electric machine
shown in Fig. 1, in which the air gap is not
uniform. A closed area including stator
core, air gap and rotor core is arbitrarily
chosen and its boundary is shown as a
dashed line in the figure, where AB is in
the stator core; O is the central point of
stator; OA and OB go through the rotor, air
gap and stator core and can be considered
to be orthogonal to the inner surface of the
stator. Based on the Ampere's Law, the
magnetic field (H) on the boundary AOB

can be expressed in terms of the current

density J, differential axial length d! and

area ds as:
{:H -dl = j J - ds (1)
G S
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Fig. 1: An arbitrary electric machine showing non-constant air gap length

The length dl is an elemental length of the
machine looking into the paper. If the turn
function (defined as absolute mmf per unit
ampere) of an arbitrary winding A can be
modeled as an equation na(¢), where ¢ is
the angle around the inner surface of the

stator, then (1) can be re-written as:

pH -d =0, (0)i, @

There are three important assumptions that
need to be made before we can proceed:

(a) The air gap is so small compared to
the stator or rotor core, such that the
magnetic field in the air gap can be
considered to be orthogonal fo the inner
surface of the stator. This is a very
fundameﬁtal assumption in electric
machine analysis and it permits the usage

of a developed model of the machine.

(b) The permeability of iron is much
larger than that of the air gap, such that the

magneto-motive force drops on the stator

core and the rotor core can be ignored.
This allows for computation of entire
torque at the airgap by integrating the
Maxwell’s stress tensor (measurable by the

airgap flux density).

(c)  Rotor and stator slot openings and
fringing are ignored and assumed to be
accounted for by Carter’s coefficients. This
assumption applies to the sinusoidal model
which uses the derived winding and airgap
functions and not to the actual model
which uses the machine geometry and

actual winding placement positions.

With these in mind, the general definition
for the air gap is expressed as [4]:

800,)=gll-a cofp+y)-acofp-0,+y)] (3)
where, a; and a, are constants, which
represent the degree of static and dynamic
eccentricity respectively; 0, is the rotor
mechanic angle; go is the average air gap

and angle y can be used to change the
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distribution of the air gap around the inner
stator surface. It is clear from (3) that the
air gap length not only depends on the
angle around the stator, but also depends
on the rotor angle, which will be true
under almost all the possible conditions.
The uniform air gap length condition can
be achieved by setting a; and a; to be zero.
Applying the first two assumptions, the
left-hand side of (2) can be restated as:

§H-di=H,(9) 5(00,)-H,(0)-£00) 4

where, g(0,0,) is the air gap at the starting
point and the value of ¢ at the starting
point is assumed to be zero. Ha(0) is the
magnetic field at the starting point while
g(p, 6;) and Ha(9) are the air gap length
and magnetic field at ¢ angle point

respectively.

Substituting (4) into (2),
HA(‘P)'3(‘paer)“HA(0)‘g(0!er)zna(‘p)'i,a (5)

An expression for the magnetic field
around the stator can be factored from (5)

as:

(o) AL O500)

The value of magnetic field is the

objective, however, one equption cannot
solve two unknown variables Ha (¢) and
Ha(0) from only (6). So Gauss's Law is
applied here to get another constraint

equation. If a cylinder passing through the

air gap is considered, Gauss's Law can be

expressed as:

Zn

[uoH ,(@)R-L-do =0 ()
0

where, R is the radius of the inner stator
surface and L is the length of the machine.

Substituting (6) into (7),

2n

IP'OR'L nA((p)!A +HA(0)g(O’er)dp:0 (8)

0 g{‘ﬂ er)

Since none of R, L or py is zero, (8) can be

rearranged to:

I g?i(g))dp
HA(O)-g(O,B,)=--§;—1'—-iA )

[ o)™

Substituting (9) into (6),

T o)
H((p)z';a((q))'iz)l g(l )o (P’Br)dp
A @, @6, =
[dea)®

iy (10)

If the definition of the winding can be

expressed as:

NA(‘D)'iA =HA((P)'3((P’91') (11)

Then the general winding function can be

found as:
T "A((p) do

N, (o)=n,(o)-2500) 2
[—ooydo
+8(®.8,)

If the air gap is uniform, which means that
, the winding function in equation (12) can

be simplified as:
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[T e
N8 g nfinl (13

[ 7

&

where (n A((p)) is the average of the tumn

function.. This result matches with the one
that can be found in the papers considering

uniform air gap.

If the airgap is not uniform, the integration
in the winding function calculation
becomes involving but the inverse of the
air gap can be approximated as:

1
g((‘p’ er)

= A+ i A coslip—i0, '+£Y) (14)

1

go‘dl_asz ’
2 _(1*,/1—.1:; ]j

where, A, =

Ai:gm/l—a;‘ as

a, =+Ja’ +2a,a,c0s60, +a? and
a, sin©
0,'= arctan| —*———— |.
a, +a,cos0,

Generally, for a three phase machine

excited with a pure sinusoidal supply, only
the first two terms are used as an
approximation as:

1
g(e’ 9r)

If the expression for the inverse of the air

=A,+ 4 cos(B = 6,‘-1-7) (l=5)

-

gap is now substituted into the general

winding function equation, a new

simplified expression of winding function

will be achieved as:
i =nlo-{nl- 33 oo (16)

Equation (16) even though representing a
simplified model leads to some algebraic
difficulties even for the simplest cases.
One of the authors of the present paper has
proposed a faster and more accurate
method [6] in which all terms of (14) and
(16) are used without any need for
algebraic expressions. The same method is
used here in the actual model calculations
but the emphasis in this paper is that the
above derivation was lacking in the past
work and there also exists a need to show
the airgap flux densities calculated by the
new and conventional procedures using the

actual rotor pole arc shapes.

The above derivation was performed for a
machine with cylindrical rotor and hence is
valid for round rotor synchronous and
induction machines even under
eccentricity conditions. For a reluctance
machine, the rotor must have salient poles

and hence the inverse airgap function is

modeled as:
g"(¢,6,)=—1(—1 +—1J—2(—1—1)simﬂ:052ﬁ—8r) (17)
Qg &) Mg &
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In (17) g, and g, are the airgap at pole face
and depth between poles respectively and

B is the ratio of pole arc to pole pitch.
1.2 Derivation of inductance expression

A general expression for the inductance
calculation 1is necessary and even though
this expression is widely known, its
derivation is also not available in
literature. From the winding function
theory, the inductances can be calculated
using winding and turn functions of the
windings. If the winding function of A™
winding is expressed as Na(o), where ¢ is
the angle around the stator, then the
magnetic field around the stator can be

expressed as:

NA(‘P) :
H,(p)=2a\9) 18
A ((P) g((p,e,,) Ly (18)

where, g(¢, 0,) is the air gap function and
is is the current flowing through winding
A. Then the flux density in the air gap due
to the current in winding A can be written

as:

N,(o) .
B,(9)=n 4 oq, (19)
( ) Ug(q)’er)

Assume the mutual inductance between
[

winding A and B is required and the
winding function of }5 win!ding i1s Ng(o).
The flux linkage induced in winding B due
to the winding A current i, can be

expressed as:

lBA:”o'R'L'iA'J.'é(—(éé')'Ng((P)'M(@'dp (20)

where, R 1s the mean value of radius of the
air gap middle line and L is the effective

length of the stator core.

Since the definition of the mutual
inductance is:

LBA:@‘ (21)

Ly

The general expression for the mutual

inductance calculation is:

2n ]
AT -R-le-Na(cp)-N,\(w)-dw (22)
The inductances considered here in (22)
also include the stator winding self-

inductances and the mutual inductances

between the stator windings.

2.0 Inductance and Flux Density
Calculations :

2.1 Winding layout modeling

The machine under con‘sideration has 36
stator slots a 4 pole rotor. The winding
arrangement for one pole pitch is shown in
Fig. 2. It is easy to decipher the winding
arrangement for the entire machine by
repeating the developed diagram for the
remaining 3 poles. The machine geometric

dafa is shown in Table 1.
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rotor

Fig. 2: Winding pattern

The turn function for the three phase function can be obtained by removing the
winding can be drawn from Fig. 2 and is average of the turn function from itself as
shown in Fig. 3. By following the given in (13). This will yield Fig. 4

procedure in section (1.1), the winding

Phase A

Phase B

I 1 | 1 1
0 50 100 150 200 250 300 350
Rotor position, degrees

Fig.3: Turn functions for the three phases
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4] 50 100

150 200
Rotor position, (mech. degrees)

1 1
250 300 350

[ = Actual model

=== Fourier model |

Fig. 4: Winding functions, actual and Fourier series model

2.2 Rotor airgap and pole modeling

The machine considered in this study has
no rotor cage and can be started and
operated using inverter control. Although
the rotor poles has been shown to be
rectangular (assuming the poles to be
circular and airgap at pole face to be
uniform) in Fig. 2, this representation is far
from the actual rotor shape in salient-pole
machines. Rotor poles are tapered such
that the middle of the pole has the least

airgap value with the airgap increasing

gradually as the interpolar region is
approached. Such a pole gives a more
sinusoidal airgap flux density and is
utilized in this study for inductance and
flux density calculations. Fig. 5(a) shows
the stator slots while Fig. 5(b) shows the
rotor with tapered pole. Fig. 5(c) is the
sum of the two which gives the actual
airgap shape of the machine. Also shown
in Fig. 5(c) on dashed lines 1is the
sinusoidal model of the airgap using (17)
with values of g; and g» corrected by the

appropriate Carter’s coefficients.
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Fig. 5: Actual rotor pole shape, (a) stator slot openings, (b) rotor (with tapered poles), and (c)
summation of stator slot openings and rotor airgap

TABLE I: Machine Dimensions

Quantity

Value

Stator Outer/Inner diameter

Machine stack length
Number of slots

150/92.7mm
90mm
24

Number of conductors per layer 17

Main airgap length g,

Inter-polar slot space g»

Stator slot depth

Ratio pole arc/pole pitch

Number of poles

0.3mm
14.0mm
18.4mm
2/3

4

2.3. Flux density distribution

Now consider a three-phase sinusoidal
current given by:
I, =1,cos(8, +x)
I; =1, cos(0, —2n/3 + k)
Io=1,cos(0, —4n/3+K) 1 «

-

and x is the current

(23)

ms

where I, = J21

phase angle. The three-phase instantaneous

value of current at any instant is such that

In + Iz + Ic = 0, for example if Ix= 4.0A,
then Iz = Ic = — 2A is satisfactory.

The instantaneous radial airgap flux
density distribution due to three phase
excitation current for a particular value of
rotor position, 0, can be obtained from:

NA (@) +Np(@lg +Ne(@)l e
2(9.0,)

(24)

B, (9.8,)=Ho
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The plot of this airgap density together tapered rotor pole is shown in Fig. 6(a).

with its spectral analysis for machine with
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(a) Actual model
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0 10 g0 = 30 40 50 60 70 80
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(b) Sinusoidal model

Fig. 6: Radial airgap flux density
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In Fig. 6(b) is also shown the flux density
distribution obtained from the sinusoidal
model and their corresponding harmonic
analysis. The actual model is richer in
harmonics but the sinusoidal model has a

slightly higher fundamental value.
2.4 Inductance calculation

The flow chart shown in Fig. 7 is sufficient
for following the method of calculating the
inductances and airgap flux density as
discussed here. The procedure begins by
definition of stator slots, the airgap (rotor)
and the windings in such a manner that
each vector (or data) representing all of
them have the same length with the entire
stator and rotor periphery. The integration

in (22) is then performed by addition using

(23) in which G is the effective airgap
value resulting from addition of rotor
geometry for a particular rotor position and
stator slots.

o = Nx (i)Ny (i)

Lxy m”“"”(;WJ (25)
The effective airgap changes shape but
maintains a constant area for each rotor
position. The inductances computed by
this procedure are shown in Fig. 8(a)
where the effects of the slots are seen to be
more pronounced in the self inductances.
The presence of slots produces a waveform
with frequency equal to the slot-pitch
which

modulates the inductance

waveform. Fig.8(b) shows the
corresponding results obtained from the

sinusoidal model.

-

Input R, L, g:. and g., (in meters) and .. Define data for
winding (turn functions), stator slots, and rotor airgap from Fig.
2. This gives na, ng. and.nc. These will give Fig. 3 and Figs. 5

1

Calculate the winding functions, Na(p), Ne(p). Nc(p) using (16)
and add the rotor airgap to the stator slots to obtain G. This
gives Fig. 4 and Fig. 5(c) respectively. Use (24) to obtain flux
density and conduct spectral analysis on it. This gives Fig. 6.

1
L Initialize, 8, = 0 l

Obtain L(8,) using (17) and (22) for
sinusoidal model and data of Fig.4 and
Fig. 5(a) on (25) for actual model.

B, =6, + AQ, p

ot ’ Transform L(8y) to L 4 q o using (26) ]

l

l Plot Fig. 9, average Ld, Lqg. etc ’

Fig. 7: Flow chart illustrating a summary of the calculation procedure
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Inductances, mH

0 50 100 150
(a): Self Inductances, Actual model

Inductances, mH

100
Rotor angular position, (mech. deg)
(c): Mutual Inductances, Actual model

Inductances, mH

" aeta

50 100 150
(b): Self Inductances, Sinusoidal model

Inductances, mH
w
o

-40+
=50+
{ —_—l, ===l ==L,
.600 50 100 150

Rotor angular position, (mech. deg)
(d): Mutual Inductances, Sinusoidal model

Fig. 8: Phase Inductances

3.0 Transformations to d-q-0 Frame

In order to obtain the d-q-0 values of the

inductances, Park’s transformation 1is
performed with:
Ly, =T(0,)L®,)T(®,)" (26)
where:
cod, CO(B, —%) co{ﬁ, —#‘f)
TO,)=|si), sir6,~2) sirld,—%)| (27
5 % 3
Lu(er) Lab(er) Lm(er)
L®,)=|L,®0,) Ly®) L,.0) (28)
Lca(er) Lch(er) _Lcc(erj.

de qu LdO
Ld-q’ﬂ = qu qq LqO (29)
Lo Lo L

The plots of axis inductances’ variation
with rotor position obtained using (26) are
shown in Fig. 9. It is seen that ripples also
exist in the inductances and this is still due
to the effect of slots. The average values
obtained from these calculations are
compared with unsaturated measured and
FE values are shown in Table II. The
finite-element software used was FEMAG
DC while the

measurements  were

performed using the Fock and Hart method
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[7]. If it is desired to obtain the d- and g-

axis flux linkages, it then necessitates that

(24) be evaluated separately for each of the

phases A, B and C while setting the other

two to zero, in turns. The resulting 3-phase

flux densities can then be transformed to

d-q-

0 using (27).

0~ ; —_—
10 . 10
80 Ld 1 5
T o .
E 60} = 0 z LY 3 2 X
L - 2 . 7 ., 7 A
ol | == Actual == Sinusoidal - . B '{]
o o
o 40 1 a5
5 AANNNNNNNNNN T
20 L‘1 10
i—L‘;,lclml snen Lop aclual e LAl slrmlold.nli
o- . . . -15¢ . L - 1
0 50 100 150 0 50 100 150
(a) (b)
3 ‘ : — 5 - : 7
= Actual == Sinusoidal
2 HAMVAAN VA ANANM AN
3 £
1 L
- - I o
E E 2 "
T B 4l | = Actual == Sinusoidal|
) ol
<1 .
-2r -1
-3 L L | <2 " s L
0 50 100 150 0 50 100 150
Rotor angular position, (mech. deg) Rotor angular position, (mech. deg)
(c) (d)

Fig. 9: Axis inductances, (a) Lqg & L, (b) Lgo & Lo, (¢) Lag and (d) Lo
TABLE 11

Resulting averaged values of the axis Inductances

Para- . Cglculated(mH) Measured(mH)
Meter Sinusoidal Actual FE
Lyg 86.02 8433 83.8 83.3
Ly 31.99 73131 302 30.5
Lag .00 0.175 - -
_Loo 0.0 : 3.63 - -
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4.0 Conclusion

This paper has presented the results of
calculations and  measurements  of
inductances and radial flux density of a
synchronous reluctance motor designed for
inverter operation. The detailed derivation
shown in section 1 is aimed at providing a
physical interpretation of the magnetic
fields phenomena as it relates to the
method of winding functions. The two
winding function methods have shown
close averaged results but the actual model
reveals results varying with rotor position
on account of stator slot openings and
rotor saliency. In all cases, the measured
results are closer to the FE results. The
inclusion of tapering on the rotor pole arc
in the actual model helped in arriving at
results that are very comparable with
sinusoidal model unlike a previous paper
[6] in which the pole arc was assﬁmed to

be uniformly circular over the pole face.

Even though the airgap flux densities
calculated by the two WF procedures
display waveforms of differing shape, its
harmonic analysis shows that both have

very close values of fundamental

components. It is only this component
which is responsible for torque production
if the supply is also perfectly sinusoidal.
The kind of motor studied here has a low
Ly/L, ratio which implies that the machine
performance will exhibit poor torque per
ampere and low  power factor,
nevertheless, this paper has shown that WF
method which is less time consuming and
requires only the winding layout and
machine geometry can also yield accurate

results.

It is intended to demonstrate in future
papers similar calculations for machines
with axially-laminated rotor structures
which have been shown to exhibit
performance characteristics very similar to
induction motors and yet operating at
synchronous speed without magnets or

field windings.
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